We investigate the gravitational radiation from binary systems in conformal gravity (CG) and massive conformal gravity (MCG). CG might explain observed galaxy rotation curves without dark matter, and both models are of interest in the context of quantum gravity. Here we show that gravitational radiation emitted by compact binaries allows us to strongly constrain both models.
I. INTRODUCTION
The standard model of gravity, general relativity (GR), is tested very well. The equivalence principle has been probed for a large region of the relevant parameter space and GR passes all Solar system tests (see e.g. [1] ). Also the orbits of relativistic compact binaries show no deviation from the GR prediction and provide indirect evidence for the existence of gravitational waves [2, 3] .
In 2015, the aLIGO interferometers recorded the first direct observation of gravitational waves, as they observed the very last moment of a binary black-hole merger [4, 5] . So far, five binary black hole mergers have been reported by the LIGO/VIRGO collaboration [6] [7] [8] . Very recently, the aLIGO and VIRGO interferometers detected a gravitational wave signal from the merger of two neutron stars (GW170817) with follow-up measurements across the electromagnetic spectrum coming from GRB 170817A [9, 10] . Strong constraints on the speed of gravitational waves follow from the detected difference in arrival time of the gravitational the electromagnetic signal, which in turn allows to constrain modified models of gravity [11] [12] [13] [14] [15] [16] [17] [18] .
But GR also faces shortcomings. We do not understand how to combine quantum physics with the principles of GR. In the ultra-violet regime, GR does not lead to a renormalizable model and therefore is nonpredictive. In the infrared regime, cosmological and astrophysical observations interpreted in the context of GR imply the existence of dark energy and dark matter, and the observed smallness of the cosmological constant is not understood.
This motivates our study of modified models of gravity that change the gravitational field equations, instead of introducing a dark sector. Most physical models employ second-order equations of motion, which insures that the theory is free from Ostrogradski instabilities [19, 20] . However higher-derivative theories, albeit suffering from ghost instabilities, can improve renormalization issues.
In this work we consider a unique higher-order derivative theory of gravity: a conformal model that reduces either to conformal gravity (CG) or to massive conformal gravity (MCG). The difference between those models is encoded in a parameter , with = −1 corresponding to CG and = +1 to MCG (see Sec. II for details). These models are not only invariant under general coordinate transformations, but also under Weyl rescaling of the metric and the matter fields. The purpose of this work is to study gravitational waves in conformal models of gravity.
Conformal models of gravity have been considered for the first time shortly after the introduction of GR, espe-cially CG by Weyl and Bach [21, 22] . The approach of Weyl has been dropped briefly after its publication, because of non-integrability. On the other hand, the theory of Bach has been the precursor of CG, introduced by Mannheim and Kazanas [23] [24] [25] [26] [27] [28] [29] . More recently 't Hooft, who considered a non-perturbative approach of the pathintegral formalism for quantum gravity, found connections between GR and CG. Terms of the same form as in the Weyl action appear as the only divergent term after a dimensional regularization [30] [31] [32] [33] . Maldacena considered CG as a possible UV-completion of GR by using specific boundary conditions, which separate out the Einstein-Hilbert solutions from the larger set of solutions in CG [34] .
The early approach to CG has been discarded. Firstly, the fourth-order structure of the theory made it mathematically uncomfortable. Secondly, from an experimental point of view there was no need to modify GR. Last but not least, the theory did not allow for bare mass terms in the matter action and our every day experience is strongly against the concept of scaling invariance.
It is now clear that masses in particle physics arise dynamically. In that light CG has been revived by , masses arise only after a spontaneous breaking of the conformal symmetry [28] . Besides that, Mannheim and Kazanas got some remarkable results, which made CG interesting again. CG was demonstrated to be renormalizable [29, 33] and they solved the field equations for a static and spherically symmetric system in the Newtonian limit. They found a modified Newtonian potential which contains a term that grows linearly with distance [27, [36] [37] [38] . This modified potential makes it possible to fit rotation curves of a huge class of galaxies [39] [40] [41] .
It was shown that CG contains viable cosmological solutions, which fit the Hubble diagram and solve the singularity and cosmological constant problems [24, 28, [42] [43] [44] [45] . However, in [46] it has been argued that the Λ cold dark matter model is favoured by data from gamma-ray bursts and quasars. Besides checking the Hubble diagram, much work is left to be done. There is no analysis of the cosmic microwave background yet. Primordial nucleosynthesis has been analyzed in conformal models of gravity [47, 48] and it seems that there is a tension with the deuterium and lithium abundances, the latter being also at odds with the cosmological standard model. But most importantly, structure formation has not been investigated in any detail.
Several authors claimed that light deflection is problematic in CG, but possibly there is a way out [38, [49] [50] [51] [52] [53] [54] [55] [56] . The work of Perlick and Xu [57] represented the major criticism on CG for a long time. They have shown that pure CG without a Weyl invariant energy-momentum tensor of matter is ruled out and contributed to fundamental advances in the understanding of conformally invariant theories. For a detailed discussion of this work, see also [58] .
Previous investigations of gravitational waves in CG presented first steps like the linearization of the equations of motion and the calculation of the gravitational energymomentum tensor in pure CG [59] [60] [61] . The present work goes well beyond these first studies. We include matter, discuss in depth the choice of gauge and we derive the formalism for analyzing the gravitational radiation by binary systems in CG and MCG.
Until recently, there were only indirect measurements of gravitational radiation from pulsar binary systems, see e.g. [3] . Gravitational radiation was indirectly detected through the measurement of the decreasing orbital period of the system. The recent direct detection, as already discussed above, and especially the observation of the merger of two neutron stars opens new possibilities to test GR and its alternatives. Several models of modified gravity like f (R) gravity, Horndeski's theories, vector theories or bimetric theories have been tested and constrained [11, [13] [14] [15] 17] .
Here we study linearized gravity for non-relativistic binaries, thus we can compare our findings to systems long before the merger. This allows us to demonstrate that CG, when fixing the free parameters to explain galaxy rotation curves, cannot at the same time reproduce the gravitational radiation from binaries (observed indirectly via their orbital period decay). For MCG there is a region of parameter space that is in concordance with observations.
Similar analyses study generalizations of CG and MCG [62] [63] [64] . In these works an incomplete gravitational energy-momentum tensor has been used to calculate the radiated energy from a binary system. It is assumed that the expression for the radiated energy is approximately the same as in GR and hence the result differs significantly from ours. As we show, there are important additional contributions.
Section II gives an introduction to CG and MCG with the basic assumptions and equations. In section III we show how to obtain the linearized field equations for the gravitational field and obtain their general solutions. We calculate the decay of the orbital period of coalescing binaries in the early inspiraling phase for CG and MCG in section IV and in section V we derive the gravitational energy-momentum tensor in CG and MCG. In section VI we evaluate the radiated energy from a binary system, and in the last section we conclude and summarize our findings.
For the Weyl and Riemann tensor we use definitions and sign conventions of Weinberg [65] , see Appendix A. We use natural units in which c = = 1, unless stated otherwise. Greek letters denote spacetime indices (0 . . . 3) and latin letters are spatial indices (1 . . . 3).
II. CONFORMAL GRAVITY
Conformal and massive conformal gravity are based on a Weyl invariant action. The spacetime metric g µν is rescaled by a Weyl transformation (conformal transfor-mation) according to
where Ω > 0 is a real and smooth function called the conformal factor and x denotes the spacetime coordinates. To model gravity, the Einstein-Hilbert action is replaced by the Weyl action I W and the action for the Universe is given by
where I M is the matter action. α g is a dimensionless coupling constant, g = det(g µν ), and C λµνκ , R µν and R are the Weyl and Ricci tensors and the Ricci scalar, defined in Appendix A. To obtain expression (3) the Gauss-Bonnet term (Lanczos lagrangian), which is a total derivative in four spacetime dimensions, has been used
where R λµνκ denotes the Riemann tensor. Hence, it does not contribute to the field equations and can be discarded. Let us note that it is forbidden to introduce a cosmological constant term in Eq. (2), because of the Weyl symmetry. The Weyl tensor has some outstanding properties. It is the traceless part of the Riemann tensor
and under the transformation (1) it behaves like
Variation of the action (3) leads to the equation for the gravitational field [22] 
where
is the Bach tensor and
is the matter energy-momentum tensor. The matter energy-momentum tensor should also be Weyl invariant. Then the most general local matter action for a generic scalar and spinor field coupled conformally to gravity is [24] 
S(x) represents a self-interacting scalar field and ψ(x) is a generic spin-1 /2 fermion field. ξ and λ are dimensionless coupling constants, γ µ (x) are the vierbein-dependent Dirac-gamma matrices,ψ = ψ † γ 0 and Γ µ (x) is the fermion spin connection [67] . To be invariant under local Weyl transformations the matter fields have to transform as S(
. The exponent of the conformal factor is called conformal weight.
In (11) we introduce the parameter , which can assume values of −1 or +1. In the first case, the theory corresponds to CG, while in the second it corresponds to MCG [69] [70] [71] . Note that only the combination of the two terms in parenthesis is Weyl invariant.
For R < 0 and λ > 0 the potential V (S) = S 2 R/12+ λS 4 can lead to a spontaneous breaking of Weyl symmetry.
We find the field equations for the scalar and fermion field
Variation of the action (11) and using the equation of motion (13) leads to the matter energy-momentum tensor
is the energy-momentum tensor of the fermion. Since the action I given in Eq. (2) is invariant under a Weyl transformation, it is always possible to choose a frame in which the scalar field is constant
with Ω(x) = S(x)/S 0 . This is called the Higgs or unitary gauge [68, 69] . In order to make connection to GR, one chooses
whereG denotes an effective Newton's constant. As we will see in the following, in all cases of interest we will setG = G, the Newton's constant. Since the scalar field S(x) can always be fixed to a constant by choosing a specific Weyl gauge, it is just an auxiliary field and does not represent a dynamical degree of freedom [72, 73] . Therefore, we do not need to worry about its stability properties. We nevertheless discuss them in Appendix C, where we follow the analysis of [74] .
In this gauge (fixing the Weyl invariance), there is a constant mass for the fermions given by m f = ξS 0 . Since we know from experiments that fermions have masses, one should choose ξS 0 > 0. Consequently, (12) and (13) become
where T f denotes the trace of the fermion energymomentum tensor. These two equations can be combined to
With the energy-momentum tensor introduced above, the equation for the gravitational field becomes [75, 76] ,
where G µν denotes the Einstein tensor. Note that the fermion energy-momentum tensor is covariantly conserved,
due to the Bianchi identities for the Bach and Einstein tensors. Before we continue to discuss solutions of the field equation, we observe that it is convenient to introduce a "graviton mass" m g via
We can then write
and observe that in the limit m g → ∞, the Einstein equation is recovered for = 1. This is the case of MCG. The case of CG ( = −1) does not contain general relativity as a limit. Note that the trace of (25) reproduces Eq. (21) . For conformally flat space-times, W µν = 0 and thus, independently of the value of m g the solutions agree with those of GR for MCG (but not for CG, where the relative sign between the Einstein and the energy-momentum tensors is reversed). In particular, MGC leaves the isotropic and homogeneous Friedmann-Lemaitre models untouched.
III. WEAK GRAVITATIONAL FIELD IN TEYSSANDIER GAUGE

A. Equation of motion
Let us now turn to the study of gravitational waves in CG and MCG. In the following we drop, for simplicity, the cosmological constant (Λ = 0) and linearize around flat Minkowski space-time g µν = η µν + h µν , where h µν is a small metric perturbation. For consistency we have to assume that the energy-momentum tensor vanishes at zeroth order.
The second term of the Bach tensor in Eq. (8) is at least of second order in h µν , hence we only need to consider the first term
where . . . (1) denotes terms of first order in h µν . This term can be rewritten as
where we have used the Bianchi identities
The d'Alembert operator is defined as ≡ ∂ µ ∂ µ . This leads us to the linearized field equations for the metric
The linearized energy-momentum tensor satisfies
From now on, all quantities are of first order and we write T f µν = T µν . Using (21) and the expressions from Appendix A we can rewrite (30) as
is the trace-reversed metric perturbation. It turns out to be convenient to choose the gauge condition
This is called the Teyssandier gauge [77] (see also Appendix B). Then Eq. (32) simplifies to To analyze the various limits of this theory it is useful to rewrite Eq. (35) to
By writing (36) approximately as [ Table I .
B. Gravitational wave propagator
The solution to the inhomogeneous Eq. (36) is given by
The Green's function G(x) is defined by
For the Fourier transformed Green's function one finds
This can be rewritten as
In the propagator for the spin-2 metric perturbation h µν above, either the massless term ( = −1) or the massive term ( = +1) comes with the wrong sign: the so-called Weyl ghost (see e.g. [78] ). Note that the spin-2 ghost excitation around the Minkowski vacuum is present independently of [79] . However, CG and MCG have different stability properties and relations to GR.
For CG ( = −1) we have demonstrated previously (cf. Table I) that there is no limit leading to the action or equations of GR, since the sign of the Einstein-Hilbert term in the matter action is opposite to GR (the Newtonian limit of this theory is studied in section IV). As a consequence, the massless part of the propagator has the wrong sign, representing a ghost instability. Additionally, the massive part of the gravitational wave represents a tachyon, i.e. it travels faster than the speed of light. The ghost instability in CG has been widely discussed by Mannheim & Bender [81] [82] [83] [84] [85] [86] [87] [88] : they analyzed in a toy model the Pais-Uhlenbeck fourth-order oscillator [80] , which was believed to suffer from ghost instabilities too, and in a series of papers they claimed that this is not the case and that an explicit quantization and construction of the Hilbert space is necessary in order to judge whether a theory suffers from instabilities or not. The case of MCG is different, since it has the correct sign for the Einstein-Hilbert term and thus it includes GR as a limiting case (cf. Table I ). The Newtonian gravitational potential can be recovered (the Newtonian limit of MCG is also studied in section IV and Appendix D) and the massless excitation represents a healthy graviton travelling at the speed of light. In this case the wrong sign in the propagator appears for the massive graviton, which is however subluminal and does not propagate at all in the GR limit.
Note that for both theories the shortcoming of the appearance of the Weyl-ghost come along with the major advantage of being better behaved in the UV-limit, i.e. being renormalizable [89] and hence viable theories of quantum gravity [29, 33, 90] . See also [91] for a similar theory presenting the Weyl ghost.
C. Massive and massless mode
Let us proceed to solve Eq. (35) now. It is possible to reduce the order of the wave equation by splitting the metric perturbation
where H µν and Ψ µν are symmetric tensors, and making the ansatz
Then, (35) turns into the equation of motion for a massive mode
We now use (44) , eliminate the term m 2 g Ψ µν by means of (43) and replace the Ricci scalar by means of (21) . Finally we use (42) and (33) to arrive at a massless equation of motion that looks familiar,
whereH µν is the trace-reversed massless mode. In the last step we exploit the gauge condition (34) . Using (45), (44) and (21) we find
the condition for the massless mode to be transverse. But there is one more condition that is fixed in the Teyssandier gauge. From the expression for the Ricci scalar, condition (46) , the trace of (45) and (21) it follows that
DefiningΨ µν ≡ Ψ µν − η µν Ψ, equations (44) and (47) are equivalent to
Hence, the general solution h µν is decomposed into a transverse massless mode H µν and a massive mode Ψ µν .
It is interesting to note that in the limit m g → 0, Eq. (48) becomes a massless wave equation, differing only by a sign from Eq. (45). Hence, in this limit and under the assumption that the traces of both modes vanish the total metric perturbation vanishes, too.
In the homogeneous case, Eqs. (45) and (48) take the form
The solutions to (49) and (50) are a massless plane wave and a massive plane wavē
where a µν and b µν are constant and symmetric. Depending on the values of , the wave vector l ρ is time-like or space-like, corresponding to a wave which travels slower than the speed of light for MCG ( = +1), and a tachyon that is faster than the speed of light for CG ( = −1). For more details, see Appendix C.
In the next subsections, we derive the solutions of Eqs. (45) and (48) .
D. Solution with a source: massive part
In the following, we only analyze the massive wave equation (48) , since the massless part is known from GR.
The most convenient way to analyze the inhomogeneous solutions is to keep real space while switching to ω dependence. We definê
with the frequency-domain Green's function
where we have integrated over the angles and extended the k-integral to −∞ to find the last expression. The poles of the integrand are at
In MCG with = +1 we have to distinguish two cases, ω 2 > m 2 g and ω 2 < m 2 g , while CG with = −1 always leads to a positive radicand.
Propagator for small graviton mass
For CG and MCG with a small graviton mass (m 2 g < ω 2 ) the radicand is positive, so by finding the residues of these poles we get
, where r denotes the distance between the observer and the source and n the spatial unit vector pointing from the source to the observer. Keeping only the first order yields
(57) Note that this result also holds for CG with a large graviton mass (m 2 g > ω 2 ). However, we do not consider this case in this work, because the reason for proposing CG was that it can fit galaxy rotation curves without dark matter in the small mass case. Furthermore, it is not obvious that the case of a large graviton mass exhibits a valid Newtonian limit (the gravitational potential oscillates).
Propagator for large graviton mass
For MCG with a large graviton mass (m
the radicand is negative, thus k = ±i m 2 g − ω 2 . The Green's function becomes
where k ω,> ≡ m 2 g − ω 2 . In the second line the far zone approximation has been applied.
Let us remark that (53) together with (57) and (58) is valid for relativistic and non-relativistic sources.
IV. GRAVITATIONAL WAVES FROM A BINARY SYSTEM
We now consider binary systems with masses m 1 and m 2 on circular orbits moving at a speed small compared to the speed of light. This means we can treat the source in the non-relativistic and weak field limits. Hence, we can neglect contributions of the gravitational potential and the kinetic energy to the energy-momentum tensor T µν in Eq. (53) . In general these approximations do not hold true for binaries consisting of compact objects like neutron stars. However, for binary systems in the inspiralling phase of their evolution, where the objects are still far apart, these assumptions are adequate for analyzing the gravitational radiation behavior. Moreover, here we do not consider the back reaction on the binaries motion due to its gravitational wave emission.
In particular, we look at the binary system PSR J1012+5307 [93] [94] [95] , which is a neutron star-white dwarf system in quasi-circular motion, cf. Table II . The orbital frequency of this system is given by
The system is picked for its small eccentricity of the orbit, such that we can apply the results of our study of circular orbits. Its orbital speed is of order 10 −5 c, which justifies the low-velocity approximation. The orbital period P of the binary system PSR J1012+5307 and its time derivativeṖ have been derived from data collected over 15 years and are in excellent agreement with the assumption that its decay of the orbital period is due to gravitational radiation as predicted by GR.
A. Newtonian limit and Kepler's Third Law
In general the analysis of the gravitational wave emission proceeds as follows. The first step is to calculate the decay of the orbital periodṖ /P (P = 2π/ω s ) via Kepler's third law for two objects of mass m 1 and m 2 in the Newtonian limit for a circular orbit in the center or mass frame, where µ = m 1 m 2 /(m 1 + m 2 ) is the reduced mass. Since the gravitational potential is modified in CG and MCG, we have to rederive Kepler's third law in these theories. In general, we can writė
is the derivative of the gravitational potential V with respect to distance between the objects R and E pot the gravitational potential energy.
Note that in GR it is assumed that the total decrease of the orbital period occurs due to the emission of energy in gravitational radiation. The result of this chapter is that the theories we investigate in this work should predict the same amount of energy that is radiated by gravitational waves (within the precision of the measurements) as GR in order to explain the decrease of the orbital period of binary systems without using any other mechanism than gravitational wave emission.
Conformal gravity
In [96] it has been claimed that in CG ( = −1) with a small graviton mass the line element in a static, spherically symmetric geometry exterior to a source of one solar mass with a non-vanishing scalar field S 0 can be written in the form
where B(r) = 1 − β(2 − 3βγ)/r − 3βγ + γr − kr 2 . Here β, γ and k are constants of integration and are used to fit galaxy rotation curves. k has an influence on the outer parts of galaxies, but is much smaller than β and γ and we can neglect the k-term in the following. Also terms proportional to βγ 1 are negligible on the distance scale which corresponds to our binary system. For a source of one solar mass M , the parameters are given by [41, 96] 
For the graviton mass this yields m g,CG = 1.9 × 10 −58 kg = 1.1 × 10 −22 eV.
But note that in literature there is some criticism on using the line element (61), see [56, 68, 72, 97, 98] . Nevertheless, in the following we show that it does not matter for our analysis of the gravitational radiation whether these additional terms are there or not. For the parameter values that are needed to fit galaxy rotation curves (corresponding to a small graviton mass) the additional terms do not affect the gravitational radiation of the system under study.
To be consistent with solar system tests we have to chooseG = G = β/M and γ = γ/M . The gravitational potential energy and its time derivative for CG is given by [23, 27, 37, 96 ]
where M = m 1 + m 2 is the total mass of the system. Inserting this into (60), we finḋ
where |E GR | = GM µ/(2R) and γ R 2 /G 1. To verify that this combination is indeed small, we insert the distance between the sources of the binary system under study, cf. Table II and assume that for a binary system in circular motion, we have R ≈ a ≈ 8.9 × 10 14 eV −1 , where a is the semimajor axis of PSR J1012+5307. Also we use the parameters determined by the analysis of galaxy rotation curves in (62)- (66) , which shows that the second term in Eq. (70) is indeed negligible since γ a 2 /G ≈ 10 −26 . This demonstrates that in CG with a small graviton mass the orbital energy, which is lost by the system, is, up to small modifications, the same as in GR, because on Solar System distance scales the second term in (68) can be neglected with respect to the first one. Therefore, we can treat the binary system in the Newtonian limit.
Massive conformal gravity
Now, let us apply the same analysis for MCG ( = +1) in the case of a large graviton mass m 2 g,> > ω 2 , where m g,> denotes the graviton mass for this case.
In [97, 98] or in Appendix D it is pointed out that this model cannot fit galaxy rotation curves without dark matter, but it is still interesting because of its GR limit.
In this case the massive part of the graviton becomes damped and we are left with a theory that is just GR modified by exponentially suppressed contributions. Nevertheless, there is a profound difference to GR, since it is claimed that this theory is power-counting renormalizable [89, 99] .
In Appendix D it is shown that the gravitational potential in the Newtonian limit is given by
whereG = G has been chosen. We have to constrain the graviton mass with data from short range tests of the inverse square law. From [100] , we get
This means that the Yukawa term in (71) becomes important only on submillimeter distance scales. For binary systems in the inspiral phase the distance between the objects is always macroscopic (m g,> a ≈ 3.5 × 10 12 ) and hence we can completely neglect this term for the analysis of gravitational radiation. The result for the decay of the orbital period isṖ
Further, we can look at the case of a small graviton mass (m 2 g,< < ω 2 ) in MCG. Let us first assume the same potential as for the case of large graviton mass in Eq. (71) .
From the constraint m 2 g,< < ω 2 it is clear that one cannot make the graviton mass large enough to push the Yukawa contribution to the sub-millimeter scale. Rather we get an upper bound on the graviton mass from solar system tests on the inverse square law of the gravitational force [100] m g,< < 10 −58 kg ≈ 10 −22 eV.
With this bound even on galactic distance scales the Yukawa contribution is too small and has the wrong sign to compensate for dark matter.
Here we get for the decay of the orbital perioḋ
The second term in the bracket is negligible, since (m g,< a) 2 
10
−36 for R ≈ a, where a is the semimajor axis of the system. We have shown that in all cases of interest the choicẽ G = G leads to the Newtonian limit and hence this relation should hold from now on. Note however thatG is not a free parameter of the theory. The theory is independent ofG, because of the Weyl invariance. The only free parameter is α g (or equivalently m g ). Hence, the choice ofG = G is just convenient to recover expressions that look familiar and to compare to GR.
B. Gravitational waves from binary systems
We discuss the GW solutions for an explicit binary system in circular motion and in the Newtonian limit.
But before doing so, we show that for a small graviton mass monopole and dipole radiation can be neglected. For the massless part, since it is the same as in GR, there is no monopole and dipole radiation and the leading contribution comes from the quadrupole term. The reason for this is that the metric perturbation is a massless spin-2 field and that the matter energy-momentum tensor is conserved far away from the source. But for a small graviton mass there are non-vanishing contributions from the monopole and dipole radiation. Nevertheless, in the following we will show that in the quadrupole approximation these do not contribute to the radiated energy and that only two of the five additional degrees of freedom of the massive mode are excited by a conserved matter energy-momentum tensor.
The quadrupole approximation requires that the typical velocities of the source are much smaller than the velocity of the gravitational waves such that k ω d 1 is fulfilled. In GR this holds true for non-relativistic sources, since the gravitational waves travel with the speed of light.
For a small graviton mass we can apply the quadrupole approximation in (57) 
1 and, as we will verify later in this section, ω = 2ω s . Thus the speed of the massive mode of the gravitational waves is nearly the speed of light and hence much higher than the orbital speed of the source.
However, in the case of MCG with a large graviton mass we have
1, which leads to k ω,> d
1. This shows that the quadrupole approximation cannot be used in (58) . Nevertheless, the term exp (−m g r) in (58) leads to an exponential suppression of the massive mode anyway. Hence, we do not need the quadrupole approximation and keep only the leading order term of the far field approximation. For more details to the multipole expansion, see e.g. [92] .
Before we apply the quadrupole approximation let us define the mass-energy moments
These quantities are called monopole, dipole and quadrupole moments and we denote their time Fourier transformations asM (ω),D i (ω) andM ij (ω). We further introduce relations between the energy-momentum tensor and the mass-energy moments using energymomentum conservation in flat space timê
Now, we transform (57) back to real space, insert it into (53), expand in k ω |x · n| 1 and keep terms up to the quadrupole contribution. This yieldŝ
where k ω, = ω 2 − m 2 g and c.c. denotes the complex conjugate of the first term in the square bracket. The equal sign here means that this expression is exact up to the quadrupole contribution. For the components we find
We will later see that for the radiated energy we only need time derivatives of these components, because all spatial derivatives can be translated into time derivatives. They are given bẏ
We note that we can expand 
In GR, one can go to the Transverse-Traceless (TT) gauge h
T T ij = 0 in vacuum and one only needs to calculate the spatial components of the metric perturbation. In CG/MCG, the choice of the gauge is more subtle, since there are more degrees of freedom than in GR. In principle, the massive graviton contributes five additional degrees of freedom. Hence, by using the additional coordinate freedom left over after choosing the Teyssandier gauge, we can find the analog to the TT-gauge (see Appendix B for details),
Note that for the massive part only the spatial trace is zero and the 00−component does not vanish. Nevertheless, we show that these additional modes are not excited by a conserved energy-momentum tensor. Contracting (53) with a partial derivative yields
where we have used
for the second equal sign and integration by parts for the third equal sign. Furthermore, we have chosen an integration volume V that is larger than the source, such that T µν (x) vanishes on the boundary ∂V . The last expression vanishes due to matter energy-momentum conservation, see (31) . Hence, although the Teyssandier gauge (see Appendix B) does not lead to the harmonic gauge for the massive mode of the metric perturbation, a conserved energy-momentum tensor only excites the transverse modes and we get the harmonic gauge condition for the massive part automatically. By applying a further coordinate transformation in an analogous way as in GR without spoiling the harmonic gauge, we can bring both parts of the wave to the standard GR-TT-gauge
Note that in TT-gaugeH µν = H µν andΨ µν = Ψ µν , since the traces vanish.
Inserting (83)- (85) explicitly into (94) leads tô
This shows that the monopole and dipole contributions in (89)- (91), which are the quantities that enter into the radiated energy, drop out and we are left only with the quadrupole contribution as for the massless mode. However, there is a phase difference between the massless and the massive mode varying with the distance to the source. This becomes obvious by the factor exp(−ik ω r) in (89)- (91). Let us calculate the explicit solution for the gravitational wave that is generated by a simple binary system in circular motion in the Newtonian limit, which can be described in the center of mass frame as one particle with the reduced mass µ. We choose the orbit such that it lies in the xy-plane and get for the relative coordinates
where R is the radius of the source. We do not need to calculate the 0µ-components, because our aim is to calculate the radiated energy far away from the source, where we can use the TT-gauge. Therefore, we restrict here to calculate only the spatial components in the harmonic gauge and project the solutions into the TT-gauge when needed. For a point particle of reduced mass µ in the nonrelativistic limit we get for the quadrupole moment
In components this reads
where M i i is the spatial trace of the mass moment. The time Fourier transform of these expressions is given bỹ
For CG and MCG with a small graviton mass, inserting (107)- (109) into (85), we find the non-vanishing compo-nents for the massive mode,
is the speed of the massive gravitational wave.
To get the full solution to Eq. (35), we now add the massless mode of the metric perturbation to the massive mode in (111) and (112). The derivation of the solution for the massless mode can be found in nearly every standard textbook about GR and gravitational waves, see e.g [65, 92] (it is analogous to the derivation of the massive mode in the small mass case of MCG, but just replacing k ω by ω in sec. III D). We find
where t ret = t − r is the retarded time.
For MCG with a large graviton mass, we find
andΨ i i (t, r) = 0. We combine this with the massless mode and get the final result
which is just the GR solution modified by an exponentially damped term.
V. ENERGY-MOMENTUM TENSOR OF GRAVITATIONAL WAVES
To analyze the radiation emitted by sources like binary systems, we need to calculate the explicit form of the gravitational energy-momentum tensor in CG and MCG.
We calculate the gravitational energy-momentum tensor via the corresponding Noether current. In order to do so, we have to expand the gravitational part of the total action
(120) to second order in h µν and apply the TT-gauge. We find
The formula for an energy-momentum tensor of a fourth-order derivative theory is given by
where the angle brackets denote the average over several wavelength or periods of the wave. This leads to
Here, we have already discarded terms proportional to η λ α , since they do not contribute to the radiated energy, cf. (129). In vacuum with the help of (42), (49) and (50) it is possible to write this as
VI. ENERGY LOSS DUE TO GRAVITATIONAL WAVE EMISSION
A. Radiated Energy
In this section we want to calculate the amount of energy that is radiated by binary systems. We use the conservation of the energy-momentum tensor in the far zone (r R) and set T µν = 0. Hence we can go to TT-gauge. We find
The energy carried in V by gravitational waves is given by E V =´d 3 xT
00
GRAV . By combining with Eq. (125) we findĖ
where dΩ = sin θ dθ dφ is the differential solid angle and ∂V is the surface of the volume V . The minus sign means that gravitational waves carry away energy flux from the volume. Hence, the radiated energy of gravitational waves has the opposite sign and we finḋ
Therefore, the quantity of interest is
where we used (42) and integration by parts in the second line. Only the spatial components contribute in TT-gauge.
Small Graviton Mass
For CG and MCG with a small graviton mass (m
and n s n s = 1 to find the second line. In the third line we introduced the so-called Lambda-tensor Λ ijkl , which projects h ij into the TT-gauge (see Appendix A for details). Note that the second term is the same as in GR for = +1. This shows that the contribution from the massless and the massive part of the metric perturbation have the same structure, but come with a relative sign.
We insert (130) in (126) and useˆd
to findĖ
Inserting (114) and (115) yieldṡ
We note that (133) Since we have shown in sec. IV A that a too small radiated energy directly translates into a too small decay of the orbital period, it seems that gravitational radiation cannot explain the measured decrease of the orbital period of binary systems in these theories.
Large Graviton Mass
For MCG with a large graviton mass ( = +1, m
s . The second term in (135) gives the same contribution as in GR. To calculate the first term, we use Eqs. (116)-(117). We find k ωΨij ∂ 0Ψkl ∝ k ω e −2kωr sin (2ω s t) cos(2ω s t), which vanishes in combination with the average over several periods of the wave. Hence, MCG with a large graviton mass reproduces the GR result exactly. We geṫ
Therefore, MCG with a large graviton mass represents a theory that still needs dark matter to explain galaxy rotation curves, but accounts for the decay of the orbital period due to gravitational waves. On macroscopic distance scales like r m −1 g it can be split into GR plus small contributions from the higher derivative terms. Therefore, it is reasonable to expect that also the other tests of gravity can be passed. Only on very small scales, where the higher derivative terms become important, a significant deviation from GR is expected. This is the reason, why this theory is renormalizable [89] . 
VII. SUMMARY, CONCLUSION AND OUTLOOK
In this work we have investigated gravitational radiation from the binary system PSR J1012+5307 in CG and MCG. Both theories belong to the class of models containing higher derivatives and are invariant under Weyl rescaling. The action is given by a C 2 -term which contributes the higher-derivative part and a term that resembles the Einstein-Hilbert term in the Weyl gauge S(x) = S 0 andG = G. By introducing the parameter = ±1, we distinguished between CG and MCG. The difference between these two theories is the sign in front of the Einstein-Hilbert term and both signs are allowed by the Weyl symmetry. This choice of sign does not only change the results for gravitational radiation, but also changes the properties of the gravitational wave. We have argued that in CG ( = −1) the choice of sign leads to metric perturbations which can be written as a massless ghost field and a massive tachyon. Whereas in MCG ( = +1), the massless mode is healthy and the massive mode is a ghost, but not a tachyon. A ghost field represents a severe problem for a theory, but as we discussed in Sec. III B, there seem to be solutions to the ghost problems in CG and MCG [29, 99] .
In section III we derived the inhomogeneous linearized field equations in the Teyssandier gauge for the metric perturbation given in Eq. (35) . These equations are higher-derivative partial differential equations for a partially massive field. It was shown that one can divide this equation into a massless and massive mode, see (45) and (48) . Since the solution to the massless part is known from GR, we only investigated the massive part. In principle, the massive part contributes five additional degrees of freedom, including monopole and dipole radiation. However, in Sec. IV B we have shown that these additional degrees of freedom are not excited by a conserved energy-momentum tensor (for non-relativistic binaries it is mass conservation) and hence monopole and dipole radiation vanish. This means that only the transverse modes contribute.
We found solutions for three different cases. For CG the massive mode has the same form as in GR, but travels faster than the speed of light. In the case of MCG with a small graviton mass the solution is the same, but the sign is different and the velocity is smaller than the speed of light. For MCG in the case of a large graviton mass, the massive terms are damped exponentially, such that in the limit of a large graviton mass GR is recovered.
To calculate the energy radiated by an idealized binary system, we derived the gravitational energy-momentum tensor in section V. It has a contribution from the massless mode that is the same as in GR (the sign depends on ) and additional contributions that depend on the massive mode of the metric perturbation. Most importantly, there is a relative sign between the various contributions which can lead to cancellations and reduces the efficiency of gravitational wave emission in certain regions of the parameter space.
Finally, in section VI we were able to calculate the radiated energy in the Newtonian limit for a binary system in circular motion. In CG and MCG with a small graviton mass (small compared to the orbital frequency of the binary system), we find the radiated energy to be much smaller than in GR. For CG we fixed the graviton mass by the analysis of galaxy rotation curves without the introduction of dark matter, m g,CG = 1.1 × 10 −22 eV, which turns out to fall into the small mass regime.
Hence, CG and MCG with a small graviton mass cannot explain the decay of the orbital period via gravitational radiation. Nevertheless, one could think of another mechanism to account for the shrinkage of the orbits of binary systems. A suggestion in this direction is given in [29] . Thus our result does not rule out CG, as we cannot exclude the existence of such another mechanism, but it makes CG a less attractive solution to the dark matter problem.
MCG cannot fit galaxy rotation curves without dark matter, but experiments on the inverse square law of the Newtonian potential constrain the graviton mass to the ranges m g,< < 10 −22 eV or m g,> > 10 −2 eV.
The application and extension of our findings to coalescing binaries, as observed by gravitational wave interferometers and for compact stars followed up by telescopes at various wavebands is most interesting and will be presented in another work.
Most interestingly, MCG with a large graviton mass (i.e. m g,> > 10 −2 eV) shows properties close to GR. As it contains GR as a limit, MCG is expected to pass all tests of GR on length scales r m −1 g . And besides, due to its higher-derivative nature, it seems to be a renormalizable model for gravity [89] . Thus this model seems to offer interesting opportunites for future work.
choose a generalization of the harmonic gauge, the socalled Teyssandier gauge [77] . To show the usefulness of this gauge, let us start with gauging the theories in a naive way, similar to how it is usually done for GR.
To find the number of physical degrees of freedom, it is enough to study gravitational waves that propagate in vaccum. In GR, the metric perturbation is a symmetric 4 × 4-matrix and has 10 independent components. We are free to perform a coordinate transformation
where |∂ µ ξ ν | is of order |h µν |. The trace-reversed metric perturbation transforms likē h µν (x) −→h µν (x ) =h µν (x) − (∂ µ ξ ν + ∂ ν ξ µ − η µν ∂ ρ ξ ρ ) (B2) and hence 
So to find the harmonic gauge condition one has to choose
These four conditions reduce the degrees of freedom to six. Nevertheless, this does not fix the gauge freedom completely. One can do a residual coordinate transformation
where |∂ µ ζ ν | is again of the order of |h µν |. This leads tō h µν (x) −→h µν (x ) =h µν (x) − (∂ µ ζ ν + ∂ ν ζ µ − η µν ∂ ρ ζ ρ ). (B6) Since we do not want to spoil the harmonic gauge condition, we have to demand ζ µ = 0.
(B7)
For simplicity we only look at a single mode and find the plane wave solution to this equation
In the following, we will also suppress the complex conjugate (c.c.). Here c µ represents four arbitrary constants for fixed wavenumber k µ , which is light-like (k ρ k ρ = 0). Inserting this into (B6) one can explicitly use the four components of ζ µ to set components ofh µν to zero. In the TT-gauge these functions are chosen in order to get
For CG/MCG naively one could apply the same procedure. The difference is that there is now also a massive part of the metric perturbation 
These 8 conditions reduce the degrees of freedom to 12. Now, there appears a problem. Although it is possible to bring the massless part to the standard TT-gauge, it is not possible to set terms of the massive part to zero, since ζ µ is a light-like vector field, which cannot cancel a massive wave. But since we still have 8 independent components, there has to be one more condition, since a massless and a massive spin-2 field should have only 7 degrees of freedom. This is the reason why it is more convenient to use the Teyssandier gauge. Let us briefly derive this gauge here. The field equations and gauge conditions for the massless and the massive part of the wave are shown in sec. III.
In Eq. (34) we have chosen the Teyssandier gauge condition. But the gauge freedom is not fixed completely and hence we can do another coordinate transformation. Under a coordinate transformation, x µ −→ x µ = x µ + ζ µ , this quantity transforms like
Again, to not spoil the Teyssandier gauge condition Z µ = 0 we have to demand
The solution to this equation is
We look only at one mode and discard the c.c. for simplicity. c µ and d µ are arbitrary constants for fixed wavenumbers k µ and l µ (k ρ k ρ = 0 and l ρ l ρ = − m 2 g ). The second term describes a massive vector field and hence it is possible to set components of the massive mode of the metric perturbation to zero. The massless and massive part of the metric perturbation expanded in Fourier modes transform like a µν = a µν − i(k µ c ν + k ν c µ ), (B20)
We bring the massless part to the TT-gauge as in GR.
With no loss of generality we choose the wave propagating in the z-direction, k µ = (k, 0, 0, k). From the gauge not clear how such a modified gravitational potential as in (D13) can emerge from a standard matter source. On top of that it also fails to explain the decrease of the orbital period of binary systems by gravitational radiation.
The ratio between the graviton mass and the orbital frequency of the binary system is m g,S /ω s 10 −8 and the radiated energy is to first-order in m
which is much smaller thanĖ GR .
